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INTRODUCTION

Linear systems are those that satisfy both homogeneity and additivity.

(i) Homogeneity: Let x be the input to a linear system and y the corresponding output, as shown
in Fig. 1.1. If the input is doubled (2x), then the output is also doubled (2y). In general, a system
is said to exhibit homogeneity if, for the input nx to the system, the corresponding output
is ny (where n is an integer). Thus, a linear system enables us to predict the output.
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FIGURE 1.1 A linear system

(ii) Additivity: For two input signals x1 and Xz applied to a linear system, let y1 and y- be the
corresponding output signals. Further, if (x1 + x2) is the input to the linear system and (y1 + y2)
the corresponding output, it means that the measured response will just be the sum of its
responses to each of the inputs presented separately. This property is called additivity.
Homogeneity and additivity, taken together, comprise the principle of superposition.

(iii) Shift invariance: Let an input x be applied to a linear system at time t;. If the same input
is applied at a different time instant t>, the two outputs should be the same except for the
corresponding shift in time. A linear system that exhibits this property is called a shift-invariant
linear system. All linear systems are not necessarily shift invariant.

A circuit employing linear circuit components, namely, R, L and C can be termed a linear
circuit. When a sinusoidal signal is applied to either RC or RL circuits, the shape of the signal
is preserved at the output, with a change in only the amplitude and the phase. However, when
a non-sinusoidal signal is transmitted through a linear network, the form of the output signal is
altered. The process by which the shape of a non-sinusoidal signal passed through a linear
network is altered is called linear wave shaping. We study the response of high-
pass RC and RL circuits to different types of inputs in the following sections.

1. HIGH-PASS CIRCUITS

Figures 1.2(a) and 1.2(b) represent high-pass RC and RL circuits, respectively.

* || ' °
—

1 T 1
! S

& : &
FIGURE 1.2(a) A high-pass RC circuit

Consider the high-pass RC circuit shown in Fig. 1.2(a). The capacitor offers a low reactance
(Xc = 1/jwC) as the frequency increases; hence, the output is large. Consequently, high-
frequency signals are passed to the output with negligible attenuation whereas, at low
frequencies, due to the large reactance offered by the condenser, the output signal is small.
Similarly, in the circuit shown in Fig. 1.2(b), the inductive reactance X. (= jwL) increases with
frequency, leading to a large output. At low frequencies, the reactance of the
inductor X. becomes small; hence, the output is small. Therefore, the circuits in Fig
1.2(a) and (b) are called high-pass circuits. In the case of L, Xc is directly proportional to
frequency; and in the case of C, Xc is inversely proportional to frequency. C and L may
therefore be called inverse circuit elements. Thus, in the high-pass circuit of Fig.


https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-1.xhtml#ch2fig1
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2fig2a
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2fig2b
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2fig2a
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2fig2b
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2fig2a
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2fig2a
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2fig2b
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2fig2a

1.2(a), C appears as a series element; and in the high-pass circuit of Fig. 1.2(b), L appears as a
shunt element. The time constant 7 is given by: z = RC = L/R.
R
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FIGURE 1.2(b) A high-pass RL circuit

What will be the response if different types of inputs such as sinusoidal, step, pulse, square
wave, exponential and ramp are applied to a high-pass circuit?

Response of the High-pass RC Circuit to Sinusoidal Input

Let us consider the response of a high-pass RC circuit, shown in Fig. 1.2(a) when a sinusoidal
signal is applied as the input. Here:
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where, 7 = RC, the time constant of the circuit.
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The signal undergoes a phase change and the phase angle, 6, is given by:
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Hence, f1 is the lower half-power frequency of the high-pass circuit. The expression for the
output for the circuits in Figs. 1.2(a) and (b) is the same as given by Eq. (3). Figure 1.3(a) shows
a typical frequency-response curve for a sinusoidal input to a high-pass circuit. The frequency
response and the phase shift of the circuit shown in Fig. 1.2(a) are plotted in Figs.
1.3(b) and 1.3(c), respectively, for different values of .

From Fig. 1.3(b), it is seen that as the half-power frequency decreases for larger values of z,
the gain curve shows a sharper rise. From Fig. 1.3(c), it is seen that if T/z > 20, the phase angle
approaches approximately 90°.

Response of the High-pass RC Circuit to Step Input
A step voltage, shown in Fig.1.4(a), is represented mathematically as:

Vi

Vi
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FIGURE 1.3(a) A typical frequency response curve for a sinusoidal input

A step is a sudden change in voltage, say at an instant t = 0, from say zero to V, in which
case, it is called a positive step. The voltage change could also be from zero to -V, in which
case it is called a negative step. This is an important signal in pulse and digital circuits. For
instance, consider an n—p-n transistor in the CE mode. Assume that Vge = 0. Then, the
voltageat the collector is approximately Vcc. Now if a battery with voltage V, is
connected so that Vee = V,, as the device is switched ON, the voltage at the collector which
earlier was Vcc, now falls to Vcegsay. This means a negative step is generated at the collector.
However, if the transistor is initially turned ON so that the voltage at its collector is Vce(sat
and Vee is made zero, then as the transistor is switched OFF, the voltage at its collector rises
to Vce. A positive step is now generated at its collector.

For a step input, let the output voltage be of the form:

vo = B + B2 et ()

where, 7 = RC, the time constant of the circuit.
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FIGURE 1.3(b) The frequency—response curve for different values of ¢
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FIGURE 1.3(c) Phase versus frequency curve for different values of ¢

B is the steady-state value of the output voltage because as t — oo, vo — Bi.
Let the final value of this output voltage be called vs. Then:
ve =B ( 6)

B> is determined by the initial output voltage. At t = 0, when the step voltage is applied, the
change at the output is the same as the change at the input, because a capacitor is connected
between the input and the output. Hence,

vi=v, =B+ B (7
Therefore,

B, =vi— B1
Using Eq. (6):

By =v;— vy ( 8)

Substituting the values of By and B2 from Egs. (6) and (8) respectively in Eq. (5), the general
solution is given by the relation:
vo = vy + (v — vy ye~ /T (9

For a high-pass RC circuit, let us calculate v and vt. As the capacitor blocks the dc component
of the input, vs= 0. Since the capacitor does not allow sudden voltage changes, a change inthe
voltage of the input signal is necessarily accompanied by a corresponding change in the voltage
of the output signal. Hence, at t = 0+ when the input abruptly rises to V, the output also changes
by V.

Therefore, vi= V.

Substituting the values of viand viin Eq. (9):

vo (1) = Ve /7 ( 10)

'ir.l'
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( 11)

t
X ===
T
"ﬂ — o ( 12)
vo(t)/V for x varying from 0 to 5 is shown in Table 1.1. The response of the circuit is plotted in

Fig. 1.4(b).

At t =0, when a step voltage V is applied as input to the high-pass circuit, as the capacitor
will not allow any sudden changes in voltage, it behaves as a short circuit. Hence, the input
voltage V appears at the output. As the input remains constant, the charge on the capacitor
discharges exponentially with the time constant z. After approximately 5z, when z is small, the
output reaches the steady-state value. As z becomes large, it takes a longer time for the charge
on the capacitor to decay; hence, the output takes longer to reach the steady-state value. In
general, the response of the circuit to different types of inputs is obtained by formulating the
differential equation and solving for the output.

For the circuit in Fig. 1.2(a):

l ~
V= Z / idt + v, ( 13)
Butve = iR

v
j=— 14

R ( )

1 [ _

s Vi = R ‘/ \‘()({’ + Vo ( 13)

For a step input, put vi=V and RC = z. Taking Laplace transforms:
Vooove () 1 I’ 1 _
— = + vo (8) oW1 +— ) =— Vo (8) (;\'+ —) =}
A T ST s T

"
v, (8) = —— ( 16)

)

Taking Laplace inverse:
vo(t) = Ve " (17

Fall time (t;): When a step voltage V is applied to a high-pass circuit, the output suddenly
changes as the input and then the capacitor charges to V. Once the capacitor C is fully charged,
it behaves as an open circuit for the dc input signal. Hence, in the steady-state, the output should
be zero. However, the output does not reach this steady-state instantaneously; there is some
time delay before the voltage on the capacitor decays and reaches the steady-state value. The
time taken for the output voltage to fall from 90 per cent of its initial value to 10 per cent of its

initial value is called the fall time. It indicates how fast the output reaches its steady-state value.

The output voltage at any instant, in the high-pass circuit is given by Eq. (17). Att =11, Vo(t1)
=90% of V =0.9 V. Therefore,
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09=eb4%" e¥=1/09=111 t/4=In(1.11)
tt =7n (1.11) = 0.1¢
Att =1, vo(t) = 10% of V = 0.1 V. Hence,

0.1=eY%" e%=1/0.1=10 t=7In(10)=2.37
The fall time is calculated as:

tr=t—t =23t — 0.1t =2.2¢ ( 18)

The lower half-power frequency of the high-pass circuit is:
l

At - I (19
r:=RC= : e ( 20
2mf
v 22 8%
{fz‘--t:z”fi:T -------------------------------- ( 21)

Hence, the fall time is inversely proportional to f1, the lower half-power frequency. As fi, is
inversely proportional to z, the shape of the signal at the output changes with z.

Response of the High-pass RC Circuit to Pulse Input

A positive pulse is mathematically represented as the combination of a positive step followed
by a delayed negative step i.e., vi = Vu(t) — Vu(t — tp) where, tp is the duration of the pulse as

shown in Fig. 1.6.

To understand the response of a high-pass circuit to this pulse input, let us trace the sequence

of events following the application of the input signal.

Att =0, viabruptly rises to V. As a capacitor is connected between the input and output, the
output also changes abruptly by the same amount. As the input remains constant, the output

decays exponentially to Vi at t = t,. Therefore,
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FIGURE 1.6 Pulse input and output of a high-pass circuit
Vi = Ve e/t ( 22)

At t = tp, the input abruptly falls by V, v, also falls by the same amount. In other
words, Vo = V1 — V. Since V1 is less than V; v, is negative and its value is V2 and this decays to

zero exponentially. For t > tp,
v, = l':u["(’_’i"]'"" - l')c["“_'f”]/' ( 23)

= 1.(.('—1,9./-1 ==L} ==/t ¢ 5

\‘H
The response of high-pass circuits with different values of 7 to pulse input is plotted in Fig.

1.7. As is evident from the preceding discussion, when a pulse is passed through a high-pass
circuit, it gets distorted. Only when the time constant z is very large, the shape of the pulse at
the output is preserved, as can be seen from Fig. 1.7(b). However, as shown in Fig. 1.7(c),
when the time constant 7 is neither too small nor too large, there is a tilt (also called a sag) at
the top of the pulse and an under-shoot at the end of the pulse. If r << t,, as in Fig. 1.7(d), the
output comprises a positive spike at the beginning of the pulse and a negative spike at the end
of the pulse. In other words, a high-pass circuit converts a pulse into spikes by employing a
small time constant; this process is called peaking.

If the distortion is to be negligible, 7 has to be significantly larger than the duration of the
pulse. In general, there is an undershoot at the end of the pulse. The larger the tilt (for small 7),
the larger the undershoot and the smaller the time taken for this undershoot to decay to zero.
The area above the reference level (A1) is the same as the area below the reference level (A2).
Let us verify this using Fig. 1.8.

Area Ai: For 0 <t <tp:
Vo =Ve''f

!

2 ; ,. .
Si'i‘r\ila—rl}[ Ve Tdt = [V Te T 3
il

A = [—I'TU_'P".T + I'T] =11l — (‘_{""’.T) ( 25)
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From Egs. (25) and (26) it is evident that

|41 | = |42 | ( 27)
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FIGURE 1.7 The response of a high-pass circuit to a pulse input
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FIGURE 1.8 The calculation of Az and A
EXAMPLE

Example 1: A pulse of amplitude 10 V and duration 10 xs is applied to a high-pass RC circuit.
Sketch the output waveform indicating the voltage levels for (i) RC = tp, (ii) RC = 0.5t, and
(iii) RC = 2ty.

Solution:
1 WhenRC=tp=1
Att=t,

Vi= 10 (101060010106 = 1071 = 3,678 V
Vor = 10 e V101070 for t < t,
Vo(t > tp) = (V1 — 10)e 10~ 10-6)/(10 % 10-6) — _g 399 @~(t-10 x 10-6)/(10 x 10-6)

2. When RC =z = 0.5t,
Att=t,

Vl =10 e*(lO % 10-6)/(0.5 x 10 x 10-6) — 10e*2 =135V
Vo1 = 10 e V(O3 < 101070 for t < t,
Vo(t S tp) =-865 ef(tfl() % 10-6)/(0.5 x 10 x 10-6)

3. WhenRC =17=2tp
Att=t,

Vl =10 e(*lO x 10-6)/(2 x 10 x 10-6) — 10670.5 =6.05V
Vor =10 V110 10%0) for t <

Vo(t > tp) = —3.935 ¢ (10~ 10-6)/(2 x 10 x 10-6)

14



Based on

these

results, the output waveforms are sketched

1.9(a), (b) and (c) corresponding to cases (i), (ii) and (iii), respectively.

Vo M Vol
o
10 /ﬁ
T v =368V
> t
t, ="
TR
-6.322 ’ olt > 1p)
LIl:J
10
\'\.\ \d'f( Val
Tl v =135V (b)
>
- TLi s I S ’ E\ 1"0[:}1;:]
Ve Val
10 A
T v =6.065V
(cl
e > |
—3935 L N Vo )

FIGURE 1.9(b) The response of a high-pass circuit for different values of ¢

as

in

Fig.

From Example 2.2, it is seen that when 7 is large, the amplitude distortion in the output is
minimal, i.e., the shape of the signal is almost preserved in the output. As the value
of 7 decreases, the charge on the capacitor decreases by a larger amount during the period the
input remains constant. Consequently, the output is distorted. If  decreases still further, it can
be seen that the output contains positive and negative spikes. The shape of the signal in the
output is essentially decided by the time constant of the circuit.

Response of the High-pass RC Circuit to Square-wave Input

A waveform that has a constant amplitude, say, V' for a time T1 and has another constant
amplitude, V " for a time T, and which is repetitive with a time T = (T1 + T2), is called a square
wave. In a symmetric square wave, T1 = T2 = T/2. Figure 1.10 shows typical input-output

waveforms of the high-pass circuit when a square wave is applied as the input signal.

As the capacitor blocks the DC, the DC component in the output is zero. Thus, as expected,

even if the signal at the input is referenced to an arbitrary dc level, the output is always

15
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referenced to the zero level. It can be proved that whatever the dc component associated with
a periodic input waveform, the dc level of the steady-state output signal for the high-pass circuit
is always zero as shown in Fig. 1.10. To verify this statement, we write the KVL equation for
the high-pass circuit:

q
e v, 28
\ . (- \ ( )

where, g is the charge on the capacitor. Differentiating with respect to t:

dv; ldg dv,

dt — Cdt " dt
e

(29)

But! i
Substituting this condition in Eq. (29):

cv; i dv,

dr el
Since Vo = IR, i = Vo/R and RC = 7. Therefore,

dvy Vo I dv, ( 30)
dt T dt .

Multiplying by dt and integrating over the time period T we get:

T
f dv; = [\]5 = vi(T) — v;(0) ( 31)
0

T, | (T
o 1
/ —dt = — / Vit ( 32)
0o T T Jo

T
/ d“() = [\‘u](]; = Vo(T) — vo(0) ( 33)
JO

=
¢
T;—-}
Y
\
II
=
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II
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FIGURE 1.10 A typical steady-state output of a high-pass circuit with a square wave as input
From Egs. (30), (31), (32) and (33):
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T

|
vi(T) — vi(0) = z / Vodt + [vo(T) — vp(0)] ( 34)
JO

Under steady-state conditions, the output and the input waveforms are repetitive with a time
period T. Therefore, vi(T) = vo(T) and vi(0) = vo(0). Hence, from Eq. (34):
T

j vodt =0 ( 35
0

As the area under the output waveform over one cycle represents the DC component in the
output, from Eq. (35) it is evident that the DC component in the steady-state is always zero.
Now let us consider the response of the high-pass RC circuit for a square-wave input for
different values of the time constant z, as shown in Fig. 1.11.

Y
¥ T
1!
l 'i'_.l'n'.l ‘ Lra.‘
I I 1a) Square-wave -
! ! ' input ‘:L
0 | T | >
1 T iz I
| I |
A | I |
| I |
Yo I 1 I
|
'l‘ by Response when t == T
Vv and T == Tg
0 > !
l T T
1 I |
1 I |
, | ! [
Vi - ! Vi f— Vi
T V'J ) Response when 7 is
T1 T. ' neither too large nor too small
0 = >,
VT J
l d_____———________ 1 V? /
I
1V, : [
! |
A : ' |
I |
1 | |
|
v : I
l T :dj Response when T is very small
— N e — ___} t
0 1 T,
'i'_.l'

FIGURE 1.11 The response of a high-pass circuit for a square-wave input
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As is evident from the waveform in Fig. 1.11(b), there is no appreciable distortion in the
output if z is large. The output is almost the same as the input except for the fact that there is
no DC component in the output. As z decreases, as in Fig. 1.11(c), there is a tilt in the positive
duration (amplitude decreases from V1 to V1 during the period 0 to T1) and there is also a tilt in
the negative duration (amplitude increases from V2to V. during the period T1to T2). A further
decrease in the value of 7 [see Fig. 1.11(d)] gives rise to positive and negative spikes. There is
absolutely no resemblance between the signals at the input and the output. However, this
condition is imposed on high-pass circuits to derive spikes. In case a pulse is required to trigger
another circuit, we see that the pulses obtained either at the rising edge (positive spike) or at
the trailing edge (negative spike) may be used to edge trigger a flip-flop, as discussed in later
chapters in the book. Let us consider the typical response of the high-pass circuit for a square-
wave input shown in Fig. 1.12.

¥

A v
' 1
VJ . V{__/ Tilt —
'“hh—-_______ V) T T m——
v T, =T2
0 T,= 102 !
1_:2‘ f.,a—F'_____ ¥ 2

FIGURE 1.12 The typical response of a high-pass RC circuit for a square-wave input

From Fig. 1.12 and using Eq. (17) we have:

I'I = l'l(’_TI"‘fT and l"; -— 1'3 =V

( 36)
l'\=l'3(‘_"' and lrl—f'_;= V
For a symmetric square wave T1 = T2 = T/2. And, because of symmetry:

V==V and “l,=—": ( 37)

From Eq. (36):
Vi —Va=V
But

e o=t
V= Ve

Therefore,
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Viee VT — iy =1 ( 38)

Vi=-V,
Substituting in Eq. (38):

\VA-l % + Vl =V Vl(l + e—T]_/r) =V
Thus,
"
T 14 e /T
For a symmetric square wave, as T1 = T2 = T/2, Eq. (2.39) is written as:
v
T 14T/
But

Vi (39

& ( 40)

V
_ —T/2t
—(l+("T/ZT)X( S

There is a tilt in the output waveform. The percentage tilt, P, is defined as:

! /
l.'l - l,.']('—TJZT

/

Vi—V

p= ,—‘ % 100% ( 42)
9
v Ve~ T/t
T/t | 4 o172 Vv | =T/
P e A S V(Y ,[ s ]xlOO'/(
‘ l +‘,—f/-r ‘
2 2
| = T/2¢
p= :H‘—_r/r; x 200%
TP
If T/2r << 1,
g g T ( 44)
2T
Therefore,
L= (l B zi) _ T T
P = T 200% = —2T__ % 200% = — x 100% since

: T T 27 2r
_ L
1+(1 zr) 5

Thus, for a symmetrical square wave:

< ]

( 43
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T

-

Equation (45) tells us that the smaller the value of z when compared to the half-period of the
square wave (T/2), the larger is the value of P. In other words, distortion is large with
small z and is small with large z. The lower half-power frequency, f1 =1/2xz.

Therefore,

l .
—_— =TT
37 1

Putting in Eq. (45)

P = 7T x 100%

Therefore,
T f ; ! :
P - x 100% since 7 = 7 ( 46)

Let us calculate and plot the response by taking specific examples.
EXAMPLE

Example 3: A 10 Hz square wave whose peak-to-peak amplitude is 2 V is fed to an amplifier.
Calculate and plot the output waveform if the lower 3-dB frequency is 0.3 Hz.
Solution: Let C be the condenser through which the signal is connected to the amplifier, having
an input resistance R, as shown in Fig. 1.13(a). This is essentially the high-pass circuit in Fig.
1.1(a).

The lower 3-dB frequency fi = 0.3 Hz

Input frequency is f = 10 Hz

A
v, | 1046 v v,
Y caa N: ..... Vv ...X.,_ ........ v
1V e = [ o — ' 1
| 0951V i
oV > !
+e i} . 2
l ¢ ‘ l[ 1V 0951V '
Vi R Yo g _lva :
N {S—— ;—/._,-r:‘_'-._ -— N i s s o s o S
" ‘ T =1.046 V
L * Y

(a) (b)

FIGURE 1.13(a) The coupling network and (b) The response of the circuit
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1 |
’ 2rfy . 2w(03) s

L L
FT=—=—=»0.1s
f 10

Therefore,

= 0.05s

|~

I 2 ‘ ) y my 3 .
— =TT — [ o0 0/053 = 1.046V Vi=Vie T/2t _ 1.046¢=005/0.53 _ 3051V
e—T/2 e—0.05/0.5:

"

Vi=—F, and V| =-V,
Vi=| V2 |= 1046V ¥ =| V3 |= 0951V

The response of the circuit is shown in Fig. 1.13(b).
EXAMPLE

Example 4: A 20-Hz symmetrical square wave, shown in Fig. 1.14(a), with peak-to-peak
amplitude of 2 V is impressed on a high-pass circuit shown in Fig. 1.1(a) whose lower 3-dB
frequency is 10 Hz. Calculate and sketch the output waveform. What is the peak-to-peak output
amplitude of the above waveform?

(V)
Vi A
< 0.05 #
+1
q —— 0.025 HE 0.025 —

=14

FIGURE 1.14(a) Input to the high-pass circuit

Solution: The lower 3-dB frequency:

1 l 1
- = |0Hz RC=r1= — = = 001595
2 RC 2xf 2r x> 10

Ji=

Input signal frequency f = 20 Hz

_ _ _ T'=—=5-=005s
Time period of the input f 20
T 005
5= = 0.025 s

ra

Therefore, 7 is small compared to T/2; so the capacitor charges and discharges appreciably
in each half-cycle. Since the input is a symmetrical square wave, Vi = =V, i.e., |Vi|=

V2|, ¥1 = —F2ie, P11 = 172l The peak-to-peak input = 2 V. Hence,

21
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I" 2 i S s
= T F T = 0BT = l.636V Fo=—V| =—1.636V

]

Peak-to-peak value of output = V1 —V,=3.312 V.

}J = Ve T2l =1 656 @ (0:0250.0159) = 0 344 V/
V) = —Fay = 0344V

The output is plotted in Fig. 1.14(b).
A Vo

V=165V

Input
R R

¥

v
=0.344V

oV >t

Vy=—0344V

Vo =—1.656V Vs

&

FIGURE 1.14(b) Output of the high-pass circuit for the given
input

FIGURE 1.15 The output of the high-pass circuit for the specified input

Response of the High-pass RC Circuit to Exponential Input

When a pulse is applied as input to an amplifier, it may while appearing at the actual input
terminals of the amplifier, have a finite rise time. The result is that the input to the amplifier is
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no longer a pulse with sharp rising edge, but an exponential. We would now like to know the
response of the high-pass circuit to this exponential input. If the input to the high-pass circuit
in Fig.1.2(a) is an exponential of the form:

vi= V(1= M), ( 47)

where, 71 is the time constant of the circuit that has generated the exponential signal as shown

in Fig. 1.16(a).
From Eq. (30), we know:

dvi v, dv,
di 1 dlt
Asvi=V(1-e '),
i AT ( 48)
dt Ty

Substituting Eq. (2.48) in Eq. (2.30):

V' _tjq Vo , dvo
—_— e —_ — —
T T dt

( 49)

e

Sy = Vil -

>

t

FIGURE 1.16(a) Exponential input

Taking Laplace transforms:
I

T_J _ V()
- =
7],

where, 7 is the time constant of the high-pass circuit.
&

+ 5vals)

[

S 1 W vals) | &+ —)
| T

84+ — :
T
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Therefore,
"

7|

(sr)lrs)

Casel:z=1n1

Applying partial fractions, Eq. (50) can be written as:

Voly) =

( 50)

y B
vols) = =1 s l

ERNCUNERIEY

Therefore,

V 1 l
—=:l(.\'+—)+b’(,\'+—) ( 52)
T\ T T

Puts=—1/z1 in Eq. (52).

LAy (_—] + lx) or A=—1 __'
7| T, (] 1 ) (ﬂ _ l)
T 1

Now put s =—1/zin Eq. (52). Then:

b ’
— =R (L — l)
T T T

Therefore,
T
Substituting the values of A and B in Eq. (51):
I I ¥ |

"’r.l{-""} = - =

G0l Go(en) Gl

Taking inverse Laplace transform:
v

This is the expression for the output voltage where 7z # 1.

\‘u(f) = ((,—I,."'Tl _ (,—I,"t)

Let #/z1=xand t/z1=n. For n # 1, i.e., 7 # 71, we have from Eq. (54):
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I ‘ . t T] X ¢
volt) = ——(e™ — ™M) since — x —=—= —
1 ] T T noT
lrll
Therefore,
Vn

olt) =
Yoll) (1 —n)

=X =xfmy Vn
(( ‘ ) - (n—1)

- f -
((,——.x /n_ c—-.x)

If 7 >> 71, the second term in the Eq. (2.55) is small when compared to the first. Thus,

n ;
vo(t) = ¢ =— 7T ( 56)

(n—1) (n—1)

-
N
h

S—

Case 2: t =1, thatis,n=1.
[ [

Vals) = — ] L ] = rl 3
(+5)(+3) (+3)

Taking Laplace inverse:

1/t

v
\"u(f) =—te ( 57)
T

Astlt=x=t/lnand d/ri=n=1;

Vol(t) = Vxe™ ( 58)
The response of the circuit is plotted for different values of n in Fig. 1.16(b).

From the response in Fig.1.16(b), it is seen that near the origin the output follows the input.
Also, the smaller the value of n (= 7/z1 is small), the smaller is the output peak and the shorter
is the duration of the pulse. As n increases, the peak becomes larger and the duration of the
pulse becomes longer. Hence, the choice of n is based on the amplitude and duration of the
pulse required for a specific application. The maximum output occurs when (dvo/dt) = 0.

From Eq. (55):

d n -
el % oy
lt |: n—1 S ‘ }}



https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2eq55
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2fig16b
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2fig16b
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2eq55

L
T

» =

0 5 10 15 60
FIGURE 1.16(b) The response of a high-pass circuit to an exponential input

) @) (@)

n

X =

Inn ( 59)

==

Since x = t/z, from Eq. (59), the time taken to rise to the peak tp is given by:

n

th=T Inn
n—
From Eq. (59):
—y = 7 Inn=In I:n"'f(l_")] ( 60)
n~

To obtain the maximum value of the output, substitute this value of —x from Eq. (60) in the
expression for vo(t) in Eq. (55).
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n | (e ol
vo(max) = rexp ~In plVCA=m] _ 1 0/ (A=)
n - n

n s
=V |c'\p [ln "“/l-u] —In "[r./u ,,,]]
T ==

n . P V 2 Py
= [n[lul m] _ ”[n/ll m]] = ["I+II,1I n)] _ ”H-[n,(l ;.)]]
n=—1 n—1

V V ' X
= —— [n‘:"'”/”""' - nl/“-"’] = == (n— l)'/'l_")] = Vn"/0="  forn # 1
”"— "—

Volmax) -
0 = =”|/(| n)

From the waveforms in Fig. 1.16(b) and the subsequent mathematical relations derived, it is seen that, if
an exponential signal is applied as an input to a high-pass circuit, the output is a pulse whose duration
depends on n(= /1), where 71 is the time constant of the previous circuit that has generated the exponential
signal and 7 is the time constant of the high-pass circuit under consideration. The smaller the value of n, the
smaller the duration of this output pulse and also the smaller its amplitude. As n increases, the duration as
well as the amplitude of this output pulse increases. Hence, depending on our requirement, we adjust the
value of n.
it for the given exponential input when 7 =73

forn # 1 ( 61)


https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec2-2.xhtml#ch2fig16b

The input and the output waveforms are as shown in Fig. 1.17.
Vo M

[nput

10w
6.32
4.98+
4.79
3.678

2.7
1.5

(.336 f { f f ¥ > 1 ims)
0 10 15 20 30 40 50

FIGURE 1.17 The input to and the output of the high-pass circuit

Response of the High-pass RC Circuit to Ramp Input

Ramp is a waveform in which the voltage increases linearly with time, for t > 0, and is zero
for t <O0. Itis used to move the spot in a CRO linearly with time along the x-axis. This type of
waveform is generated by sweep circuits which we shall study later. However, if a ramp is
applied as an input to a high-pass circuit, there could be deviation from linearity in the ouput.
We can calculate and plot the ouput for different values of z to understand how it influences
the output. Let the input to the high-pass circuit be vi = az where, o is the slope, as shown in Fig.

1.18(a).

For the high-pass circuit, we have:

] Al
vi=— [ vydt + v,
T

|7
ot = — / vodt + v, { 62)
T J
A,
Yi
Ay
ot Ry
Ay

At

0 >

FIGURE 1.18(a) Ramp input
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Taking Laplace transforms:

)

o 1 ’ 1
= — Vo) + vo(s) = vols) (l +—)
ST ST

Multiplying throughout by s:
« ; 1
— = ls) (-\‘ e _) ( 63)
s T
Therefore,
o A B
vpls) = ————=—+

[T

From which, A=arand B =—az

aT T l 1
Vals) = — — ——— =Tt

( I ) s ( I )
L L e
T T,
Taking Laplace inverse:
vo(t) = at (1 —e™'7) ( 64)
If t/r << 1:

E’_” T _ 1

T 212

Therefore, vo(t) = ar ( T 21

. i
Volf) = at (l — —) ( 65)
2t

The output falls away from the input, as shown in Fig. 1.18(b). From the waveforms in Fig.
1.18(b), we see that for the output to be the same as the input, z >> T (the duration of the ramp).
As the value of r decreases, not only the amplitude of the output decreases but also the signal
now is an exponential. The output falls away from the input. So, the choice of z is dictated by
the specific application. Transition error defines deviation from linearity and is given by:

Vi — Vo -
( 60)

e, =

‘,‘I.
Att=T,vi=aT and vo = o711 — (T/27)]. Therefore,

T 2
aT—aT(l——) i

2T
t', == = —
aTl aT 2T
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; I :
¢ = P =nahnT as§=x/| ( 68)
The transmission error, et describes how faithfully the signal is transmitted to the output. As
the input is a ramp and if the output falls away from the input, e;specifies the deviation from
linearity. Let us try to plot the output by considering an example.
A

v ir

0 T
FIGURE 1.18(b) The response of a high-pass circuit to ramp input
EXAMPLE

Example 7: Aramp is applied to an RC differentiator, [see Fig.1.1(a)]. Draw to scale the output
waveform for the following cases: (i) T = RC, (ii) T = 0.5RC, (iii) T = 10RC.
Solution:

From Eq. (64):

—tf T —f I
Vo =T (] —¢ .f_.n'r) Vo= F (?) ([ — e 'f-”-) as o = ?

The peak of the output will occuratt=T.
_ri{L _ Tt
Vgipeak) =1 (T)(] e )
1. WhenT=rz, (dT)=1and (T/7)=1
vo(peak) = V(1) (l - u—l} —0.632V

2. WhenT=0.57

(g) = 0.5 and (T?) =2

volpeak) = 2) (1 — ") = 0788 v

3. WhenT =107

(;) =10 (%) = 0.1
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vo(peak) = v (0.1) (' =¢7"") = v(0.1)(1 - 0.000045) = 0.1 V
The response is plotted in Fig. 1.19.

'I-'é A
'i.f
Slope= — =0
1) N
10788V
1 0.632V
1
101V
|
0 T >

FIGURE 1.19 The response of the high-pass circuit to ramp input

2. DIFFERENTIATORS

Sometimes, a square wave may need to be converted into sharp positive and negative spikes
(pulses of short duration). By eliminating the positive spikes, we can generate a train of
negative spikes and vice-versa. The pulses so generated may be used to trigger a multivibrator.
In such cases, a differentiator is used. If in a circuit, the output is a differential of the input
signal, then the circuit is called a differentiator.

A High-pass RC Circuit as a Differentiator

If the time constant of the high-pass RC circuit, shown in Fig. 1.1(a), is much smaller than the
time period of the input signal, then the circuit behaves as a differentiator. If T is to be large
when compared to z, then the frequency must be small. At low frequencies, Xc is very large
when compared to R. Therefore, the voltage drop across R is very small when compared to the
drop across C.

|
i= — [ idt + iR
1 L_f:-: + i

But iR = v, is small. Therefore,

| | .
V= — f it or v= —fv”c.".f (sincei = V,/R)
C T
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il

FIGURE 1.20 The output of a differentiator
Differentiating:
dv; Y
dt 1
(1'\',‘
Vo =T — ( 69)
dt

Therefore,
Vo O —— ( 70)

Thus, from Eqg. (70), it can be seen that the output is proportional to the differential of the input
signal, as shown in Fig. 1.20. If the input vi(t) = Vi sin wt:

d .
valt) &= RC [T{i'm s1n mr]}
cli

it} l
I mT e
Vo(t)~ @1 where w1 = RC
We have from Eq. (3):

Vo l

Vi 1*"',' | n (T_L:) 2

and 4 =tan (wi/w)
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When 6 = 90°, the sine function at the input becomes a cosine function at the output, as is
required in a differentiator. When wi/w = 100, € = 89.4° which is nearly equal to 90°. Hence,
a high-pass circuit behaves as a good differentiator only when RC << T, and the output is a co-
sinusiodally varying signal if the input is a sine wave. If the input is a square wave, the output
is in the form of positive and negatii\j/e spikes, as shown in Fig.1.20.

] I

vi R Vo RS v =R
1 il !

VYa
| l
L - 8 -

n

R

.z —
*“— o ——

ia) ib)
FIGURE 1.21(a) The differentiator circuit when: negative spikes are eliminated in the output;

and (b) positive spikes are eliminated in the output
Val

[ |
:

()

Vaz

(d)
FIGURE 1.21(c) The output of a differentiator showing: positive spikes only; and (d) negative
spikes only
The output of the differentiator in Fig. 2.20 contains both positive and negative spikes. If only
positive spikes are needed to trigger a multivibrator (to be considered later), we use the circuit

shown in Fig. 1.21(a). Here, since D conducts only when the input spikes are positive, the
negative spikes are eliminated. Alternately, if only negative spikes are needed, the positive
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spikes are eliminated using the circuit in Fig. 1.21(b), since D conducts only when the input
spikes are negative. The output of the circuit in Fig. 1.21(a) is shown in Fig. 1.21(c). Similarly,

the output of the circuit in Fig. 1.21(b) is shown in Fig. 1.21(d).
An Op-amp as a Differentiator

An operational amplifier, commonly known as an op-amp, can be used as a differentiator, as

shown inFig. 1.22(a).

R
W
[N
Vg ._| +
.

FIGURE 1.22(a) Op-amp as a differentiator

FIGURE 1.22(b) The op-amp differentiator circuit resulting from the use of Miller’s theorem
From Miller’s theorem:
= and 7> = 24

1 —4A A—-1
where A is the gain of the amplifier. The resistance, R, appears between the input and output
terminals of the op-amp. Using Miller’s theorem, R can Dbe replaced
by R1 and Rz as Ry = R/(1— A) is small since Ais large; and R, = RA/(A — 1) = R since A is large.
Hence, the op-amp circuit can be redrawn as shown in Fig. 1.22(b).
For a good differentiator, z (= R:C) should be small. As Ry is a very small value of resistor
(since Ais large), an op-amp differentiator behaves as a better differentiator when compared to
a simple RC differentiator, without physically reducing the value of R.
Double Differentiators

£

The circuitin Fig. 1.23 is called a double differentiator as we have two high-pass differentiating
circuits. In the figure, A is the gain of the inverting amplifier. Here, R1C1 = z1and R2C2 = 2 are
small when compared to the time period of the input signal.

Let the input to the circuit be a ramp, i.e., vi = az. From Eq. (64), the output of the first high-
pass R1Ccircuit for the ramp input is:

Therefore, the output voltage of the amplifier v is written as:
v=—dat (1 —e™/7) ( 72)

where, A is the amplifier gain. It can be seen from Eq. (72) that v has phase inversion. The
output of the first high-pass circuit, which is an exponential, is the input to the second
differentiator. We know from Eq. (55) that the output of this second differentiator is a pulse.
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Inverting amplifier
Cy \ C
+ e I A r I I o+
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¥ R, ¥l v R, Yo
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First differentiator Second differentiator

FIGURE 1.23 A double differentiator
N {ﬁ—.r_fn _ c’_'r}

where n = /71 and X = t/71. So,

Vo = —AaT]
n— 1

n

vy = AaT (e7* —e/n) ( 73)
n— 1
Therefore,
n —x —x/n
V=V e —e M (74
X n—1 ( )
Forn=1
vo =we ™™ =Aat(t/t)e " = date™ /" « 75)

The ramp voltage which is input to the double differentiator is converted to a pulse. The
response is plotted in Fig. 1.24. From Eq. (1.75), the output for 7 = 71 = 2 is given as:
v, = Aate™"'T ( 76)

From Eqg. (72) the output of the amplifier v is given as:

v=—dan (1 —e ")
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Amplitude

0

FIGURE 1.24 The response of a double differentiator to a ramp input

The initial slope of this output is:

dv
7 li=p = A ( 77)

From Eqg. (71), we have:
vi=ar(l—e ™)

The initial slope of the output of the first differentiator (input to the amplifier) is:
— =0 = @ ( 78)

We see from Egs. (77) and (78), the initial slope of the input to the amplifier vi is «, whereas
the initial slope of the amplifier output v is Aa. The output rises much faster than the input, as
shown in Fig. 1.24. Hence, the amplifier is called a rate-of-rise amplifier. At this point, it is
relevant to talk about a comparator. A circuit that compares the input with a reference and tells
us the instant at which the input has reached the reference level is called a comparator. One
such simple and practical comparator is a diode comparator. Sometimes a circuit needs to be
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activated the moment the input reaches a predetermined level. The diode comparator will not
be able to do this job. Thus, the output of the diode comparator is given as the input to the
double differentiator. As the output of the double differentiator is a pulse whose amplitude and
duration can be controlled, this output can activate the desired circuit. We discuss this aspect
in greater details in later chapters.

2.1 THE RESPONSE OF A HIGH-PASS RL CIRCUIT TO STEP INPUT

A high-pass RL circuit is represented in Fig. 2.2(b). If a step of magnitude V is applied, let us
find the response. Writing the KVL equation:

/
—— iR+I_% ( 79)
4
di
vo =L ( 80)

Therefore, from Eq. (80)
ﬂ Y gi= 11-'”&': = ! f Vit
et L L L

Asvi=V, Eq. (2.79) can also be written as:

R
r:Ffmm+%

Applying Laplace transforms:
I | ’
— = (— + ]) v,(8)  where T = —
ST I

N

Vo= (-\.- + l) 1If]{""l} 1'1.'.1'[-"-'} =
T

volt) = Ve~!lt ( 81)

Taking Laplace inverse:

Similarly, the response of this{gircuit is evaluated for other inputs. This high-pass circuit is
used as a differentiator if L/R ™ T. Since v, = Ldi/dt, and i =Vvi/R:
L dv;
PO T 82
\ R dt ( )

SOLVED PROBLEMS
Example 8: The output of a step generator has an amplitude of 10 V and rise-time of 1.1 ns.

When this is applied as an input to a high-pass circuit with R = 100 Q [see Fig 1.25(a)], there
appears across R a pulse of amplitude 1 V. Find the value of the capacitance.
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FIGURE 1.25(b) The response of the circuit
Solution:

The response of the circuit in Fig. 1.25(a) is shown in Fig. 1.25(b).
Rise time of step input tr=2.2 71 =1.1 ns
Therefore, the time constant of the exponential input:

1.1
T =—=1{0.5ns
22

The maximum value of the output is:

Vo(max) = vin"/"M =1V
10n"0"M =1 or
n=0.14

°
n=7] =0.14
t=n11 =0.14 x0.5ns=0.07 ns
=RC=0.07x10"s
Therefore,

007 < 1077
B 100

C — 0.7pF
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Example 9: A limited ramp from a generator rises linearly to Vs in a time period Ts = 0.1 us and
remains constant for 2 us. This signal is applied to a differentiating circuit whose time constant
is 0.01us. The resultant pulse at the output of the differentiator has a maximum value of 15 V.
What is the peak amplitude of the ramp at the output of the generator?

Solution:

RC =7=0.01xs=0.01x 10 s
Vo(max) =15V

Voll) = ot (l — e—i‘lfr)

at = Vo(max) =15V

15 15
- = —W/s
T 0.01 % 10—6

Ts = 01 ILLS

The peak value of the ramp from the generator is:

15
Vs=als=0.01 x 1076 x 0.1 x10°° =150 V

The input and output are plotted in Fig. 2.26.
Vi

A

Vg |--mmmmmmmmmm oo

>

0 | &——— 0.1 ys > Ty
FIGURE 1.26 The input and the output for the specified conditions

3) L OWPASS CIRCUIT
3.1 INTRUDUCTION

A low-pass circuit is one which gives an appreciable output for low frequencies and zero or
negligible output for high frequencies. In this chapter, we essentially consider low-
pass RC and RL circuits and their responses to different types of inputs. Also, we study
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attenuators that reduce the magnitude of the signal to the desired level. Attenuators which give
an output that is independent of frequency are studied. One application of such a circuit is asa
CRO probe. Further, the response of the RLC circuit to step input is considered and its output
under various conditions such as under-damped, critically damped and over-damped conditions
is presented. The application of an RLC circuit as a ringing circuit is also considered.

3.2 LOW-PASS CIRCUITS

Low-pass circuits derive their name from the fact that the output of these circuits is larger for
lower frequencies and vice-versa. Figures 3.1(a) and (b) represent a low-pass RC circuit and a
low-pass RL circuit, respectively.

In the RC circuit, shown in Fig. 3.1(a), at low frequencies, the reactance of C is large and
decreases with increasing frequency. Hence, the output is smaller for higher frequencies and
vice-versa. Similarly, in the RL circuit shown in Fig. 3.1(b), the inductive reactance is small
for low frequencies and hence, the output is large at low frequencies. As the frequency
increases, the inductive reactance increases; hence, the output decreases. Therefore, these
circuits are called low-pass circuits. Let us consider the response of these low-pass circuits to
different types o; inputs.

e AN ., Lo () CR——
I 4'_1 c = 1 I ;_1 é R 1
i« Lo i

FIGURE 3.1(a) A low-pass RC circuit; and (b) a low-pass RL circuit

3.2.1 The Response of a Low-pass RC Circuit to Sinusoidal Input

For the circuit given in Fig. 3.1(a), if a sinusoidal signal is applied as the input, the outputv, is
given by the relation:

o=y jmcl 1?” T+ L:L‘f-:
H_i_.m i g
Vo, 1 1 |
1_1!' - 1...*"'1 4+ {L’I‘.J(.T\’}E N |'I ) 2 - "I T2 {3*”
1+ Ve

where, w2 = 1/CR = 1/z. From Eq. (3.1), the phase shift 4 the signal undergoes is given as:
0 = tan (w/wz) = tan ' («/T)

Figure 3.2(a) shows a typical frequency vs. gain characteristic. Hence, f2 is the upper half-
power frequency. At o = w,

= L = 0.707

V2

IIIIIJ'Il

'I-'j
Figure 3.2(b) shows the variation of gain with frequency for different values of z. As is
evident from the figure, the half-power frequency, f», increases with the decreasing values of z,

the time constant. The sinusoidal signal undergoes a change only in the amplitude but its shape
remains preserved.
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Figure 3.2(c) shows the variation of 6 as a function of frequency. As (z/7) becomes
large, 6 approaches 90°. This characteristic can be appreciated when we talk about an integrator

later.

3.2.2 The Response of a Low-pass RC Circuit to Step Input

Let a step voltage be applied as the input to the low-pass RC circuit shown in Fig. 3.1(a). The
output v, can be obtained by using Eq. (2.9) as shown in Fig. 3.3. We have RC ==.
F.3

Vi

v‘, T
0707 ———————
0 | > f
I
FIGURE 3.2(a) Typical frequency-vs-gain characteristic of a low-pass circuit to sinusoidal
input
1
004" 1
|I \
0.8} \ 1
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06| \ ]
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041 1
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FIGURE 3.2(b) Gain-vs-frequency curves for different values of ¢
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FIGURE 3.2(c) Phase-vs-frequency curves for different values of ¢
Vo(t) = vi+ (Vi—vi) e "
Here, vi=V and vi = 0. Therefore,

V() =V — Ve T =y (1= e7T) (3.2)

Initially, as the capacitor behaves as a short circuit, the output voltage is zero. As the
capacitor charges, the output reaches the steady-state value of V in a time interval that is
dependent on the time constant, z. On the other hand, the output of Eq. (3.2) can also be
obtained by solving the following differential equation. From Fig. 3.1(a), For vi=V:

V= = Ri+ ° f i dt (3.3)

v, (1 A

> [

FIGURE 3.3 The response of a low-pass circuit to step input
~We know that (1/C) | idr = vq

i vy vy
— = — = — 34
O el or : el (3:4)
From Egs. (3.3) and (3.4):
. {'lrll"n"ul . f!rll-ln
i.- — N 1 l-’ f— _— H 3...-
RC —ﬁr’ + v, T 7 + v, (3.5)
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Taking Laplace transforms:

)

Resolving into partial fractions:

F
= A B V |
— L =+ —— —=A|s+—)+8Bs
( 1) B ( 1) T T
sls+— S+ —
T T
Putting s = 0:
} A
—=— or A=V
T T

Puttings=-1/t

V 1 _
—=H(——) or B=-—F
T T

Therefore,

¥ ¥

Vo (§) = — — ———
- 1

s ( . _)
T

Taking the Laplace inverse:
Viy =V — 1,-{,—!_.-"? — {1 _ E,—."l."'i')

Now, for the circuit in Fig. 3.1(b):
di

V= L— + iR
dt
s R = Yo (/’A o l (I"o s l. (1\‘,) .
e = dt — R dt S N

Applying the Laplace transform:

I l
— = TsV,(5) + vy(s) = vy(s) (1 + 57) = v,(8)T (A\'-{- —)
T

y

() = V(1 = ™%

I’ B
—=Tsv, )+ v, ) =v, () [ts+1]=v,(5)T (\'+ —) 2

Hence v,(s) = v l
s (\'-}- —)
T
(3.6)
(3.7
V= (ll'n 4 v
= i %o
I
S ) e T
‘n(‘\) - ( I )
Sy + —
T,
(3.8)

From Eq. (3.8), it may be seen that the output reaches the steady-state value faster for smaller
values of z. Similarly, when 7 is large, it takes a longer time for the output to reach the steady-

state value.

Rise time: The time taken for the output to reach 90 per cent of its final value from 10 per
cent of its final value is called the rise time. Using Eq. (3.8) to calculate the rise time for this

cjrcuit:
Yo — 11—t
-
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From Fig. 3.3 att =t1, vo=0.1 V. Therefore,

0.1 =1—¢ /T
VT Z 009
H =017 (3.9)

Similarly att =tz, vo = 0.9 V:
09=1—¢2/" 2T _0]

2 =237 {3.1“]
Using Egs. (3.9) and (3.10), rise time is given as:
Also fo=1/27RC
fh=t—f =231 — 0.1t =227 (3.11)
RC :
=T = —
2mf;
Therefore,
2.2 0.35
=221 = - = — {3.12)
’ nfy S

Let a step voltage Vi be applied to a low-pass circuit. The output does not reach the steady-
state value Vi instantaneously as desired. Rather, it takes a finite time delay for the output to
reach Vi, depending on the value of the time constant of the low-pass circuit employed. If this
output is to drive a transistor from the OFF to the ON state, this change of state does not occur
immediately, because the output of the low-pass circuit takes some time to reach Vi. The
transistor is thus said to be switched from the OFF state into the ON state only when the voltage
at the output of the low-pass circuit is 90 per cent of Vi. If this time delay is to be small, z should
be small. On the contrary, if the output is to be ramp, z should be large.

3.2.3 The Response of a Low-pass RC Circuit to Pulse Input

Let the input to the low-pass circuit be a positive pulse of duration t, and amplitude V as shown
in Fig. 3.5(a). If this positive pulse is applied to drive an n—p-n transistor from the OFF state
into the ON state, the transistor will be switched ON only after a time delay. Similarly, at the
end of the pulse, the transistor will not be switched immediately into the OFF state, but will
take a finite time delay. To know how quickly it is possible to switch a transistor from one state
to the other, we have to consider the response of a low-pass circuit to the pulse input. During
the period 0 to tp, the input is a step and the output is given by Eq. (3.8). At t = t, the input falls
and the output decays exponentially as given in Eqg. (3.13).
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{a) Pulse input

* i) For t == 1,

w,o= V(=T
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\_ ’
: () For T == 1,

FIGURE 3.5 Response of a low-pass circuit for the pulse input for varying z

0 f

- — 7 o l—ipfT)
=10 =1, s 3.12
vt =t)=Vye (3.13)

For vi =V, the output for different values of z is plotted in Fig. 3.5. It is seen here that the
shape of the pulse at the output is preserved if the time constant of the circuit is much smaller
than tp, i.e., 7 fp. H}}gwever, if a ramp is to be generated during the period of the pulse, 7 is
chosen such that ¢ ™ #,. The method to compute the output is illustrated in Example 3.2.
EXAMPLE

Example 3.2: An ideal pulse of amplitude 10 V is fed to an RC low-pass integrator circuit. The
width of the pulse is 3 us. Draw the output waveforms for the following upper 3-dB
frequencies: (a) 30 MHz, (b) 3 MHz and (c) 0.3 MHz.
Solution: Consider the low-pass circuit in Fig. 3.1(a).

1 At f, =30 MHz

We know that f, = 1/2{77’0

1
T =R = —— = 533ns
2xfy T 2w % 30 % 108

tr=22r=22x53%x 107 =11.67 ns
Att=tp,
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Vp = V(l _ e*tp/r) — 10(1 _ ef3X10*6/5.3><10*9) =10V
The output is plotted in Fig. 3.6(a).
A

v, (I

10Y

0 :K
3 us t
FIGURE 3.6(a) Output waveform at f, = 30 MHz
Atf, =3MHz

1 |
2rfy 2w % 3% 100

t=2.2r=22x53x 107 =116.6 ns
Att=t,,

T=RC= = 53ns

Vp - V(l _ eftp/r) — 10(1 _ e73X1076/53><1079) = 10 V
The output is plotted in Fig. 3.6(b).

v, (A

10V "‘77-'_?"

1
/ \
|
1
A\
1
: - -
0 3us i

FIGURE 3.6(b) Output waveform at f, =3 MHz

Atf, =0.3MHz

T =R = l: : = 530 ns
2rfy 2w = 0.3 x 100

tr=22r=2.2x530x%x 10" =1.166 us

Att=t,

p = V(l - eitp/‘[
Therefore,

Vp — 10(1 _ e*3><|0*6/530><10*9) =906V
The output is plotted in Fig. 3.6(c).
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v, i) A
10V 9.06 V
0 >
Ius !

FIGURE 3.6(c) The output waveform at f= 0.3 MHz

3.2.4 The Response of a Low-pass RC Circuit to a Square-wave Input

Let the input to the low-pass circuit be a square wave as shown in Fig. 3.7 (a).
We have from Eaq. (2.9):

Vo1(t) = vi+ (Vi— vi)e "
From Fig. 3.7(c), at t = Ty, Vo1 = V2 and vi= V1 and vi=V'". Therefore:
(T = V2=V 4 (1 =V )e /T (3.14)
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(a) Square-wave input

{by Output for r==T

e T —

T
l-i' () Output for ¢ neither too
» ¢ large nor too small

ot

Vs

Vic
Jo () Output for 7 == T

[
> |

FIGURE 3.7 The response of the low-pass circuit to a square-wave input for different values
of r
Again, att = T, Vo2 = Viand we have vi=Vy, Vi= V'

valTa) =V =V 4 (Va =V je2i" (3.15)
If the input is a symmetric square wave:
T
Tl=T=— il1e6
| 2=3 ({ }
Also
==V = E and I’rj = —I’rj {31-."]

) {1 + ,—T;'Er} o
b
. V5 = — tanh 1 (3.19)
2 4t

Using Egs. (3.17) and (3.19), it is possible to calculate V. and V1 and plot the output
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waveforms as given in Figs. 3.7(c) and (d), respectively.

If 7«7, then the wave shape is maintained. And if 7337, the wave shape is highly distorted,
but the output of the low-pass circuit is now a triangular wave. So it is possible to derive a
triangular wave from a square wave by choosing z to be very large when compared to T/2 of
the symmetric square wave.

3.2.9 Low-pass RL Circuits

Consider the low-pass RL circuit in Fig. 3.1(b). For this low-pass circuit, Vo= R/L [ vidt. This
circuit can also be used as an integrator when the time constant L/R}}T. The major limitations
of high-pass and low-pass RL circuits are:
1. For a large value of inductance, an iron-cored inductor has to be used. As such it is
bulky and occupies more space.
2. Inductors are more lossy elements, when compared to capacitors. So, it is possible
to get ideal capacitors, but not ideal inductors.

ATTENUATORS

An attenuator is a circuit that reduces the amplitude of the signal by a finite amount. A simple
resistance attenuator is represented in Fig. 3.16. The output of the attenuator shown in Fig.
3.16 is given by the relation:
K2
o — =
R’y + R
From this equation, it is evident that the output is smaller than the input, which is the main
purpose of an attenuator—to reduce the amplitude of the signal. Attenuators are used when
the signal amplitude is very large. Let us measure a voltage, say, 5000 V, using a CRO; such
a large voltage may not be handled by the amplifier in a CRO. Therefore, to be able to
measure so that the voltage that is actually connected to the CRO is only 500 V. The output

of the attenuator is thus reduced depending on the choice of R; and Ra.
R
ro AN . o+

1,. ]
L

FIGURE 3.16 A resistance attenuator
Rl

o oA VAVAY : . —
i ; Amplifier
Vi R, = R,
Lo
i :
4 - .

FIGURE 3.17(a) The attenuator output connected to amplifier input

Uncompensated Attenuators

If the output of an attenuator is connected as input to an amplifier with a stray
capacitance Cz and input resistance R;, as shown in Fig. 3.17(a).

VI':I = 1.‘!: i TI'

&

Stray capacitance
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Consider the parallel combination of R> and R;. If the amplifier input is not to load the
attenuator output, then Rjshould always be significantly greater than R.. The attenuator circuit

is now shown in Fig. 3.17(b).

Reducing the two-loop network into a single-loop network by Thevenizing:

R Ry
¥ ——— =av; where o= —F—
R+ R R+ R

And Rih=Ri||R2
Hence, the circuit in Fig. 3.17(b) reduces to that shown in Fig. 3.17(c).

When the input avi is applied to this low-pass RC circuit, the output will not reach the steady-
state value instantaneously. If, for the above circuit, R1 = R2=1 MQ and Cz = 20 nF, the rise
time is:
tr=2.2RinC2 =2.2x0.5x10° x 20 x 10°°
tr=22ms

This means that after a time interval of approximately 22ms after the application of the
input avi to the circuit, the output reaches the steady-state value. This is an abnormally long
delay. An attenuator of this type is called an uncompensated attenuator, i.e., its output is
dependent on frequency.

Vrn = vi

- l
L Wi

FIGURE 3.17(b) The attenuator, considering the stray capacitance at the amplifier input

Ry
R ATATAY. L T"‘
C,

o, —* v,

P

FIGURE 3.17(c) An uncompensated attenuator

Compensated Attenuators

To make the response of the attenuator independent of frequency, the capacitor C; is connected
acrossR1. This attenuator now is called a compensated attenuator shown in Fig. 3.18(a). This

circuit in Fig. 3.18(a) is redrawn as shown in Fig. 3.18(b).
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+ "N i .
R |
C,
SES
. ~L * .

FIGURE 3.18(a) A compensated attenuator

FIGURE 3.18(b) Redrawn circuit of Fig 3.18(a)

+
[ ]
C, §Rl
1-'|=1-'r W
_xﬁ—lA+ L
C:——T §R2 I
& &
., 3

FIGURE 3.18(c) The compensated attenuator open-circuiting the xy branch

In Figs. 3.18(a) and (b), R1, R2, C1, C2 form the four arms of the bridge. The bridge is said
to be balanced when R1C1 = R2Co, in which case no current flows in the branch xy. Hence, for
the purpose of computing the output, the branch xy is omitted. The resultant circuit is shown
in Fig. 3.18(c).

When a step voltage with vi =V is applied as an input, the output is calculated as follows:
At t = 0+, the capacitors do not allow any sudden changes in the voltage; as the input changes,
the output should also change abruptly, depending on the values of C; and Co.

0
! + =V 1. 3
v, (07) it G (3.43)

Thus, the initial output voltage is determined by Cy and Co. As t — oo, the capacitors are

fully charged and they behave as open circuits for dc. Hence, the resultant output is:
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H

VoloQ) = 1 ————— 3.44

0(00) R+ R ( )
Perfect compensation is obtained if, vo(0") = Vo(o0)
From this using Egs. 3.43 and 3.44 we get:

C "
L p—yp__2 (3.45)

Cr+ (2 R+ Rz

and the output is avi.

CiRy =03/ or

Cr=(R2/R)Cr =G (3.46)
A Input v, =V
b
V ___________
Output v,
)
Vv, (0%) Vyle=)
! |
0 =0 > |
FIGURE 3.19(a) A perfectly compensated attenuator (C1 = Cy)
A Input v =V
4

— Cutput v,
R
Vo (0°) T

¥, (=2)

0 * |
r=10

FIGURE 3.19(b) An over-compensated attenuator (C1> Cy)
Let us consider the following circuit conditions:

1 When C; = Cp, the attenuator is a perfectly compensated attenuator.

2. When Cy > C,, it is an over-compensated attenuator.

3. When C; < Cy, it is an under-compensated attenuator.

The response of the attenuator to a step input under these three conditions is shown in Figs.

3.19(a),(b) and (c), respectively.
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In the attenuator circuit, as at t = 0+, the capacitors C1 and C, behave as short circuits, the
current must be infinity. But impulse response is impossible as the generator, in practice, has a
finite source resistance, not ideally zero. Now consider the compensated attenuator with source
resistance Rs [see Fig. 3.19(d)].

If the xy loop is open for a balanced bridge, Thevenizing the circuit, the Thevenin voltage
source and its internal resistance ¥ and R are calculated using Fig. 3.19(e).

A Input v="V
)
P’ _____________
Output v,
\’
T 1""9 I'ch:h:l
1_10 “}1-:'
J/ k4
0 >
=0
FIGURE 3.19(c) An under-compensated attenuator (C1 < Cy)
H.':
te A l

=

e — S &
x o+—T+cn
I Vo

C, R,

L%

¥

.
FIGURE 3.19(d) The attenuator taking the source resistance into account
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T e AN———————
& . i\+
o — § R,
1"? =V V‘
+ o

FIGURE 3.19(e) The circuit used to calculate the Thevenin voltage source and its internal
resistance

RE
AN
R, R,
+ F% AV
[ —

Vi SR
l B
C.-_. I @
T L

FIGURE 3.19(f) Redrawn circuit of Fig. 3.19(e)
The value of Thevenin voltage source is:
; Vil + R2)

TR F R+ R
and its internal resistance is:

RAR 4+ Rs)

TR+ R+ R

The above circuit now reduces to that shown in Fig. 3.19(f). Usually Rs « (R1 + R2),
hence, Rs || (R1 + R2) = Rs. Thus the circuit in Fig. 3.19(f) reduces to that shown in Fig. 3.19(q).
This is a low-pass circuit with time constant zs = RsCs, where Cs is the series combination of
Ciand Cy; Cs= C1Co/(C1+ C2). The output of the attenuator is an exponential with time
constant zs; and if zs is small, the output almost follows the input. Alternately, consider the
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situation when a step voltage V from a source having Rsas its internal resistance, is connected
to a circuit which has C between its output terminals, [see Fig. 3.19(h)].

This being a low-pass circuit (can also be termed as an uncompensated attenuator), with time
constant z(= RsCz), its output will be an exponential with rise time t;, where

t, =221 =22R.C. (3.47)

Now consider the compensated attenuator, shown in Fig. 3.19(q), where the internal
resistance of the source Rsis taken into account. The time constant of this circuit is zs(= RsCs)

. . L
and the rise time T is:

T, = 2.2 RCswhere Cs= C1C2/(C1 + Co)

S
Vi ———%+
N
L i
FIGURE 3.19(g) The final reduced circuit of a compensated attenuator

R,
+ ® My .+
N
— [

FIGURE 3.19(h) A low-pass circuit (uncompensated attenuator)

(=22 B Ca (3.48)
T O+ Gr h
From Egs. (3.47) and (3.48):

(4./%) = [C1/(C1 + C2)] =a

where « is the attenuation constant, which tells us by what amount the signal is reduced at
the output.
,r; =l (3.49)

If & = 0.5:
t. = 0.5, (3.50)
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From Eq. (3.50), it seen that the output signal from a compensated attenuator has a negligible
rise time when compared to the output signal from an un-compensated attenuator. It means that
the step voltage, V is more faithfully reproduced at the output of a compensated attenuator,
which is its main advantage.

A perfectly compensated attenuator is sometimes used to reduce the signal amplitude when
the signal is connected to a CRO to display a waveform. A typical CRO probe may be
represented as in Fig. 3.20.Example 3.7 helps to further elucidate and elaborate the functioning

of the attenuator circuit.
Adjustable capacitor

v

= Oscilloscope chasis
Insulator >

To waveform &
1o be displayed

> To scope
nput

~

)

Shielded cable C. = R,
Metal shield I T
' 1
77777

FIGURE 3.20 A typical CRO probe
EXAMPLE
Example 3.7: Calculate the output voltages and draw the waveforms when (a) C1 = 75 pF,

(b) C1= 100 pF, (c) C1=50 pF for the circuit shown in Fig. 3.21(a). The input step voltage is
50 V.

NANNNWN
3

Gy

| |

|
+ - AN » e+

sov. T R, 1MQ
C
Vi R,< L=
I MO KL pF
0
T l

. T . .

FIGURE 3.21(a) The given attenuator circuit

Solution: For perfect compensation, R1C1 = R2C». Here R1 = Ro.
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1 When C1 =75 pF, then the attenuator is perfectly compensated. The rise time of the

output waveform is zero.
R 1

 a= = =10.5
Attenuation, Ry+Ry 141
Vo(0+) = Vo(0) = avi=0.5x 50 =25V
2. When C1 =100 pF, then the attenuator is over-compensated, hence vo(0%) > vo(o0).
The output at t = 0+,
C) 100
] {j = ¥ —=_{} —=28.6V
Vo) =vix m e =2 X oo 173
The output at t = oo,
2
{ =V X —— =50 =25V
Vi (O0) 1IXR]—|—R2 ><1+1
From Fig. 3.21(b):

KRz
R +H2and C=C1 +C>

r . — v,
LR T. Sk, . wo= T“ S —
o |

FIGURE 3.21(b) The equivalent circuit to get the time constant for the decay of the

overshoot
Time constant z; with which the overshoot at t = 0" decays to the steady-state value
is:

T = RAIQI-}-R;;’ (CL4+Cy) = : i : x 10% x (100 +75) x 10712 = 87.5 s

Fall time tr=2.2 71 =2.2 x 87.5x 10 ¢ = 192.5 us

3. When C; =50 pF, then the attenuator isunder-compensated.

v, oA Input v; =350V
T
2E6Y !
Q}Yer-compenﬁmed
25V =
ﬁ_fnde r-compensated
20V T,
Vo (p0) =25V
o >
(=0 ¢

FIGURE 3.21(c) The input and output responses
The output at t = 0+:
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o0y = v x L]i—lh = 50 x 50??5 =20V
The output at t = co:
Ry ) 1 .
Valoo) = w X, -;Rz = 50 x T =25V
The time constant, 7>, with which the output rises to the steady-state value is:
= Rfféz((] +CG)= : : : % 10% x (50 4 75) x 10712 = 62.5 pis

Rise time, tr=2.2

tr=2.2x625x10° =137.5 us

RLC CIRCUITS

RLC circuits behave altogether differently when compared to either RL or RC circuits. RLC
circuits are resonant circuits. These can be either series resonant circuits or parallel
resonant circuits. A parallel RLC circuit is used as a tank circuit in an oscillator to generate
oscillations (this is the feedback network that produces the phase shift of 180°). The RLC
circuit is also used in tuned amplifiers to select a desired frequency band at the output.
When a sinusoidal signal is applied as input to a series RLC circuit [see Fig. 3.23(a)], the
frequency-vs-current characteristic is as shown in Fig. 3.23(b).
At resonance: X, = Xc

wyl. = 1/, C
|

fo=— (3.51)
21O

R L
—"WA v‘"‘.f—'(m‘l' | |— {max

(M
+N_S

vy 0 T f
FIGURE 3.23(a) An RLC series circuit with sinusoidal input; (b) the frequency-vs-current
characteristic
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& ® 0 fo

FIGURE 3.23(c) A parallel RLC resonant circuit with sinusoidal input; (d) the frequency-
vs- voltage characteristic

At resonance, the impedance is minimum, purely resistive and equal to R. The current at the
resonant frequency, fo is maximum, termed imax. Let us now consider a parallel resonant circuit
[see Fig. 3.23(c)] and its frequency-vs-v, characteristic, shown in Fig. 3.23(d). In the parallel
resonant circuit, the impedance is maximum at resonance and hence, the voltage is maximum
at fo. The figure of merit of a tuned circuit, denoted by Q, is given as:

) {0, d.)
)= w RO =
C o R

The larger the value of Q, the sharper the response characteristic of the tuned circuit.

The Response of the RLC Parallel Circuit to a Step Input

Consider the RLC circuit shown in Fig. 3.24(a). Applying Laplace transforms, the above circuit
is redrawn shown in Fig. 3.24(b). The impedance of the parallel combination of Ls and 1/Cs is:

()

f__- -
"t
B
Y T ®+
i) |
v, o 3 oy
—
S
-,
. * ™

FIGURE 3.24(a) RLC parallel circuit
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FIGURE 3.24(b) The Laplace circuit of Fig. 3.24(a)
Multiplying the numerator and denominator by Cs we get:

S
) ", 'I.';"[.H'} w L '[".} ol
Lpls) = T Vo ls) = —F = vils) LGS +.]
LCs= 41 R+ Zp(s) R+ Ly
LOs? 4+ 1
(s) = vi(s) Ls
Vols) = vils -
’ CURLCI 4+ Ly + R
Therefore,
Valx) _ 1S (3.53)

vils)  RLCs2 4+ Ls+ R
The characteristic equation is:

RLCS +Ls+R=0 (3.54)
The roots of this characteristic equation are:

=L/ IZ=4RLOR: =L [ 12 4R2LC

815 8=

= :}: / 3 3 3
2RLC 2RLC ~ V4R212C?  4R212(2

w1 1 <1 1 1
:E ',' bl ] == v \'l \'3 e

2RC T VA4AR2C?  LC

Let K, the damping constant, be given by:

=9 -
2RC Y (2RC)? LC

S1s852 =

1 L
K=—,— 3.56
2RV C© (3:36)
From Eq. (3.51), the resonant frequency of the tank circuit is:
_ 1
fo=—"F=
2m/LC
1
T,=—=2r+/LC (3.57)

[

From Egs. (3.56) and (3.57):
K | | |

= — |'I— - =
T, 2R\ C 7 27 JIC 21 % 2RC

‘9
n
‘h
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]

Therefore,
2n K
2RC T,
Putting Eq. (3.58) in Eq.
2Tk | 4R C?
=0

(3.55): Therefore,
|'II(2.TI.|'[‘.- )2
\ LC ™ T,

—2mK
Nl.¥2 =
Ty Ty
From Eqg. (3.56) we have:
4R2C 1
I Kz
Therefore,
_dnK  2nK | oK 2K |KP—1
Nlab2 = :I: - .'I]_ — = :I: X g —
Tr? Tr.i' 1|'|' K= Tr] T:.;. ‘\' K=
2K = 2nK ———— =27 K | j2m =
N1.57 = 4 wa =1l —K=)= 4+ f1— K- (3.59
R A 7 0 A T A ’
From Eq. (3.53):
Vyls) L
vils) RLOS +Ls+ R

L

For unit step voltage as input:
Vals)
T ORLCS +LS+R

Vals) _ L=
VU RLCE + Ls+R V

I

dl
(5 —s1 s —s2)

N
I
) T RC

|

Vals) .

| _mc' Iy : + :
4 N —N —
RC LC

|

— =A(s— 530+ By — 51)

} RC

]

|:{_\' — 5y = 52)

]

fi]
- RC

Applying partial fractions:
[ A . ] }
(s —s1)  (s—us2)

Vg ()
%

Putting s = sz
1
o =Abi—w) A= RC(s] — s2)
Puttings = 2

= —f(s] —s2)

—1

B=————
RC(s1 — s2)

I

I

RC —
Vals) 1
- RC(s) —s2) [ (s — 51) (v — 52)

%
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Applying inverse Laplace transform to both sides, we get:

oy 1
'l.'j{. } _ : (t’“! _ Eﬁ‘g-’} {3"5“]
I RO(s) — 52)
From Eq. (3.59):
(i) If K=0:
i 2T
S8 = f’Tﬂ (3.61)
122 (27 4 2i2;
s1—n =122 _ (_-f T) _ T _ g (3.62)
Ty Ty Ts T,
Using Eq. (3.60):
11”“} ) (UU.E.‘T ST _ C,—UEI!’;"T”J."}
ST T ;
‘ RCZ 4
Ty
Vall) 1 , 2
> = 3xRC |ism (T_,, x r)} (3.63)
T,
Let
f
= — 3.64
X T ( )
Therefore,
volf) 1 , _
Dp_ = S RC [ sin (2mx)] (3.65)
Ty
If we substitute the value of T, from Eq. (3.57) in Eqg. (3.65):
vo(1)  2mLC [ T
= sin (2mx)]| = — %,/ — x sin (27x
V 2RC [ *)] RV &
ol
Voll) _ 5 sin 27x) (3.66)

¥

Thus, K — 0, as R — . Here, K can not be zero as assumed ideally, since R = co means
open-circuiting the resistance R in the circuit shown in Fig. 3.24(a), which is absurd because
the excitation is not connected to the circuit when R = co. However, R can be made very large,
in which case K becomes very small, though not zero as expected. The output has a smaller
amplitude but is oscillatory in nature, as seen from Eq. (3.66). Thus, when a step is applied as
input to the RLC circuit in Fig. 3.24(a), with K = 0 (practically very small), the response is un-

damped oscillations, as shown in Fig. 3.24(c).
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FIGURE 3.24(c) The response to K =0

(i) If K < 1, it is a case of under-damping as shown in Fig. 3.24(d). For this condition, from Eq.

(3.59):
—2nK  j2m 3
S§l. 82 = +- VvI1I—K-
PRI, T,
=2nK j2n —— —2nK  j2m
5] = - M—K? w= —- 11— K?
L L T, T,
Therefore,
—2rK 2w e 2K 2w T—x?
S8 — = vIi=A- vI—K<
T:".I i T:".I Tﬁl
idr ——
51— 8 = ! V1I—K?2 (3.67)

o

Multiply and divide Eq. (3.67) by K and substitute K/To = 1/4zRC in it. The resultant

equation is:
K
RC(si —52)  jW1—K2
From Eg. (3.60):
W) _ A (t,m+_fbj.f _ —ﬂm)
V Jm _
where
= _ET::K and h = ET;:J] — K2
v, (1) 2K wp—-— 2K o
7= P X e smh:=ﬁ><c
voll) 2K

V V1-K2

s - "—,'
x ¢~ KX « sin (271.\'\/1 — I'\Z)

X
JNT=KZ

I Kt/ :
2nKefTo o sin (

x ¢*2j sin bt

2t -
vI—K

2

)

o

(3.68)
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The output response is an under-damped sinusoidal waveform. The oscillations die down
after a few cycles, as shown in Fig. 3.24(d).
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FIGURE 3.24(d) The response to K < 1
(iii) If K = 1, it is a case of critical damping. If we substitute the K value in the Eq. (3.59), then
the roots are s1 = s> = —2x/To. The roots are equal and real.

If the input is a step voltage:

Vals) 1
VT RC(s — s (s — 52)
Here,
—2m
N = 52 = T
Therefore,
Vi () 1
v RC (s — )2
Applying inverse Laplace transform on both sides:
rﬂ{.f} _ L . L L “ h,f—EJr_IT“JK." _ L % I,(J—E:'rx
I RC RC
where x = t/Tq:
V(1) dm _a
7 = amrc <
Here:
T_,? — dxRC Vo li) _ dmi o2 _ 4 Kt AR
K Tﬂ T:'i
K
Volt) (3.69)

- . |
= 4dmKxe "
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Vall) .
oo
The output response is shown in Fig. 3.24(e).

dmxe ™™ * since K =1 (3.70)
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FIGURE 3.24(e) The response to K =1
(iv) If K> 1, it is a case of over-damping. If K > 1, then the roots, from Eq. (3.59), are:

The Response of the RLC Series Circuit to a Step Input

Consider a series RLC circuit, shown in Fig. 3.25(a). Applying Laplace transforms, the circuit
in Fig. 3.25(a) can be redrawn as shown in Fig. 3.25(b). The total impedance Z(s) in this circuit
is given by the relation:

1
2V =R+ 154+ —

Cx
R L
+ AW 00001
o
in c

-
FIGURE 3.25(a) An RLC series circuit


https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec3-4.xhtml#ch3fig24e
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec3-4.xhtml#ch3eq59
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec3-4.xhtml#ch3fig25a
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec3-4.xhtml#ch3fig25a
https://www.safaribooksonline.com/library/view/pulse-and-digital/9788131721353/xhtml/sec3-4.xhtml#ch3fig25b

I;
|

-

e 1
v (S) ﬁ[]

—

FIGURE 3.25(b) The Laplace circuit of Fig. 3.25(a)
Therefore,

vils) vils)

Z(s)

iv) =

1
R+ Ls+ —
+ Ly + C

i(y)
Oy

. ] 2 .
vils) = i(s) (R-l— Ls + E) = (f_u +RCs + 1)

But
(%)

Vols) = (3.77)

N

Substituting Eq. (3.77) in Eq. (3.76):

vils) = v (s) (f_u‘” FRCs + 1)

vilw)

Vals) = (3.78)

L ,,+fe s 1
4 N —N —
L LC

For a step input V, from Eq. 3.75
v

o

r{x)=£+!'+ ] =I R 1
¥ — = — —
N Cs e+ 7 ¥+

¥

Lo
The characteristic equation is:

5 R 1
s+ —s+-—=0 3.80
s+ I_H-I- T { )

The roots of this characteristic equation are:

R /RN 4
%,
Loy \¢L LC R (R 1

- =t (=) - —
a2 2 21 ‘-;(zf_) LC

%)

(3.76)

(3.79)

(3.81
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If either (R/2L)?> 1/LC or R > 2+L/C | then both the roots are real and different, the

circuit is over-damped.
If either (R/2L)? = 1/LC or R = 2¥/L/C then both the roots are real and equal, the

circuit is critically damped.
If either (R/2L)? < 1/LC or R < 2+L/C then both the roots are complex conjugate to

each other; the circuit is under-damped.



