MODULE VI
O




In statements involving variables, there are two parts —
variable (is the subject of the statement)

predicate (refers to a property that the subject can have).

Consider a sentence: x is greater than 2. Here “is greater than 2” is the

predicate and x is the subject or variable.

Ifvaluesareassignedtoallthevariables,th eresulting

sentence is a proposition.
e.g. Xx < 9isapredicate

4 < 9 1s a proposition



A propositional function (or an open sentence)

defined on A is a predicate together with subjects.

It is denoted by the expression P(x) which has the
property that P(a) is true or false for eacha € A .

The set A is called domain of P(x) and the set Tp of all

elements of A for which P (a) is true is called the truth set
of P(x).



Many mathematical statements assert that a
property is true for all values of a variable in a
particular domain, called the universe of

discourse.



Quantification is the way by which a Propositional
function can turn out to be a proposition.

The expressions ‘for all’ and ‘there exists’
are called quantifiers.

The process of applying quantifier to a
variable is called quantification of variables.



The universal quantification of a predicate P(x) is the
statement, “For all values of x, P(x) is true.”

The universal quantification of P(x) is denoted by
v for all x P(x).

The symbol # is called the universal quantifier.

Universal quantification can also be stated in English

) &

as “for every x”, “every x”, or “for any x.”



Example:

The sentence P(x) : - (-x) = x is a predicate that
makes sense for real numbers x. The universal
quantification of P(x),v x P(x) is a true
statement because for all real numbers, -(- x) = x.

2)LetQ(x):x+1<5,then vQ(x):x+1<5isa
false statement, as Q(5) is not true.



The existential quantification of a predicate P(x) is
the statement

“There exists a value of x for which P(x) is true.”

TheexistentialquantificationofP (x)is
denoted3dxP(x).

The symbol 3 is called the existential quantifier.



Example:

LetQ:x+1<4.

The existential quantification of Q(x), I x Q(x) is a
true statement, because Q(2) is true statement.

The statement 3 y, y + 2 = y is false. There is no
value of y for which the propositional function y+2 =
y produces a true statement.



Negations

The negation of a universal quantification is an existential

quantification.
-VxP(x) & Ax-P(x)

The negation of an existential quantification is a universal

quantification.
-3xQ(x) © Vx-0Q(x)
For example,

The negation of all men are mortal is: There is a man who is not mortal.



Statement When True? When False?

VX P(x) P(x) is true for every x. There is an x for which P(x) is false.

3x P(x) There is an x for which P(x) is true. P(x) is false for every x.




Example :
Express the statement using quantifiers:

“Every student in your school has a computer or has a
friend who has a computer.”

Solution :
Let c(x) : “x has a computer”
F(x,y) : “x and y are friends”

Thus, We have
Vx (C (v AYy(C(y)IAF(x,y)))



O

» Every student in this class has visited either Canada
or Mexico.

Let M (x) be the statement “x has visited Mexico”

and C (x) be the statement “x has visited Canada”.

Vx(C(x)v M (x)) , the universe of discourse for x is the set of all the
students in this class.




O

» If somebody is female and is a parent, then this
person is someone’s mother

Let F(x)bet

P(x) bet

ne statement “x is female”,
ne statement “x is a parent”, and

Mx,y)

oe the statement “x is the mother of y”.

Vx((F (x)A P(x)) —» 3yM (x,y )) , the universe of discourse for x and
y is the set of all people.




THEORY OF INFERENCE FORTHE
PREDICAT E CALCULAS

X
. P(cﬁi ceu Universal instantiation

P(c)foran arb ryceu _ o
3 Universal generalization

= xP(x) _ o o
P(c) for some element c e U Existential instantiation
P(c)for some elementc € U - o
.3 xP&S Existential generalization




Table 1-6.1

(3z)(A(z) V B(z)) © (Fz)A(z) V 32)B(2) Es

(z)(A(z) A\ B(z)) & (z)A(z) \ (2)B(z) E2
3z)A(z) & () NA@) Ess
(@A (z) & 32) 14@) 3 Ess
(2)A(z) V (@)B@)= () (A(z) V B(z)) Is

(3z)(A (@) A B(@))= @2)A@) N\ (3z)B(z) s

Table 1-6.2

(z)(A V B(z)) @ A V (z)B(z) Exn
(3z)(4 A B@) ® A A G2)B(@) Ess
(2)A(z) » B & Q2)(4@) — B) Es
(3z)A(z) = B & (2)(A(@) — B) Eqy
A — (2)B(z) & (@)(4 — B(@)) En
A — (37)B(z) & (32)(4 — B(@) Ess

B e ecsesceichaiigl 0




An argument in propositional logic is a sequence of compound
propositions - involving propositional variables

All propositions in the argument are called hypothesis or
Premises. The final proposition is called the conclusion.

An argument form is valid if no matter which particular
propositions are substituted for the propositional variables in its
premises, the conclusion is true if the premises are all true.

Thus we say the conclusion C can be drawn from a given set of
premises or the argument is valid if the conjunction of all the
premises implies the conclusion is a tautology.



An expression like P ( x) is said to have a free

variable x (meaning, x is undefined).

A quantifier (either V or 3) operates on an
expression having one or more free variables, and
binds one or more of those variables, to produce an

expression having one or more bound variables.



Ex. 3x[ x + y = z], x1s bound but y and z are free
variables.

AX(XEy & Vz(zEy—=>z=X))

‘\/’

Bound occurrence

/.

y free Y bound



)

. \:/x dx P(x) - x is not a free variable in
, therefore the Vx binding isn’t used.

. (‘v’x P(x)) A Q(x) - The variable x in Q(x) is
outside of the scope of the Vx quantifier, and is
therefore free. Not a proposition!

Vx P(x) A Q(x) # Vx (P(x) A Q(x))
(Vx P(x)) A Q(x)

Vx P(x) A Q(y) clearer notation

o (VxP(x))A (Hx Q(x)) - This is legal, because
there are 2 different x’s!




Let F(x, y) be the statement “x loves y,” where the universe of
discourse for both x and y consists of all people in the world. Use
quantifiers to express each of these statements.
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Everybody loves Jerry. (Vx) E(x, Jerry)
Everybody loves somebody. (Vx)(Jy) F(x,y)
There is somebody whom everybody loves.  (7y) (Vx) F(x,y)
Nobody loves everybody. =(Fx)(Vy) F(x,y)
There is somebody whom Lydia does not love. (7x) = F(Lydia,x)
There is somebody whom no one loves. (Fx)(Vy) = F(y,x)
There is exactly one person whom everybody loves.(Fx)(¥y) F(y,x)

T

nere are exactly two people whom Lynn loves.

(%) (Fy) ((x#y) A E(Lynn,x) A F(Lynn,y) A (V'2) ( F(Lynn,z) = (z=x) v (z=y) ) )
Everyone loves himself or herself (Vx) F(x,x)
There is someone who loves no one besides himself or herself.

)
)

(Ix) (Vy) (F(x,y) & x=y)






